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In this study we show how accurate jet noise predictions can be achieved within Goldstein’s
generalized acoustic analogy formulation for heated and un-heated supersonic jets using a
previously developed asymptotic theory for the adjoint vectorGreen’s function anda turbulence
model whose independent parameters are determined using an optimization algorithm . In
this approach, mean flow non-parallelism enters the lowest order dominant balance producing
enhanced amplification at low frequencies, which we believe corresponds to the peak sound at
small polar observation angles. The novel aspect of this paper is that we exploit both mean flow
and turbulence structure from existent Large Eddy Simulations database of two axi-symmetric
round jets at fixed jet Mach number and different nozzle temperature ratios to show (broadly
speaking) the efficacy of the asymptotic approach. The empirical parameters that enter via local
turbulence length scales within the algebraic-exponential turbulence model are determined by
optimizing against near field turbulence data post-processed from the LES calculation. Our
results indicate that accurate jet noise predictions are obtained with this approach up to a
Strouhal number of 0.5 for both jets without introducing significant empiricism.
I. Introduction
Aeroacoustic modeling of jet noise within Goldstein’s generalized acoustic analogy (GAA)[1] formulation involves(a) solving the adjoint linearized Euler equations to determine the Green’s function that defines the so-called
propagator tensor and (b) appropriately modeling the Reynolds stress auto-covariance using experimental data and/or
numerical simulations [1]. The far-field sound is then determined by the volume integral of an inner product of the
propagator and the Reynolds stress auto-covariance tensors. This approach has proven to be successful for a number of
test cases involving axi-symmetric round jets at a variety of acoustic Mach numbers and observation angles, Goldstein
& Leib [2] (hereafter referred to as G&L) and [3]). It has also shed light on what impact the mean flow field has on the
far-field radiated sound for both heated and unheated flows [4].
G&L’s predictions were computed at O(1) (i.e., arbitrary) frequencies for a propagator tensor based on a weakly
non-parallel mean flow. Non-parallelism appeared in the analysis at supersonic speeds and only affected the solution
within a thin critical layer where the adjoint vector Green’s function is singular for the locally parallel mean flow. G&L
constructed a uniformly valid composite solution for the adjoint Green’s function, thus eliminating the critical-layer
singularity that occurs when the observation angle, θ, is close to the downstream jet axis. They showed that, as θ → 0,
the dominant contribution to the propagator comes from the radial derivative of the Fourier transformed adjoint Green’s
function for the streamwise momentum perturbation. This was also confirmed by Karabasov et al. [5]’s numerical
calculations and by Afsar et al. [3] who, together with G&L, showed that the acoustic efficiently of this term is raised to
a dipole at low frequencies even though it appears as a quadrupole when multiplied by the appropriate Reynolds stress
auto-covariance component in the acoustic spectrum formula [6].
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Experimental [13] LES case Description Mj TR Ma
B118 A1 isothermal ideally-expanded 1.5 1.0 1.5
B122 A2 heated ideally-expanded 1.5 1.74 1.98
Table 1 Bre`s et al (2012) [12] test cases
Physically, this behavior is due to the streamwise-radial, or ‘1-2’, component of the fluctuating Reynolds stress
multiplying the commensurate propagator component in such a manner that the latter possesses a pre-factor with
directionality that scales as cos4 θ/(1 − M(r) cos θ)6 (where M(r) is the local Mach number profile), which, obviously,
peaks as θ → 0 (where θ is the polar observation angle), thus allowing an accurate prediction to be made of the
peak jet noise that experiments show usually occurs at θ = 30o in the forward arc. This result was derived in the
matched-asymptotic-expansion sense, in which the solution for the pressure-like Green’s function is divided into an
inner region where the scaled radial coordinate r/σ = O(1) and an r = O(1) outer region with the scaled frequency,
σ = k∗∞δ∗  O(1), being an asymptotically small parameter everywhere in the flow (δ∗ is an appropriate dimensional
length scale such as the nozzle radius and k∞ is far-field wavenumber). Parallel flow asymptotics also showed that
the components of the fluctuating Reynolds stress (other than ‘1-2’) make a more dominant contribution to the
large-angle-radiated sound at O(1) frequencies under a general axi-symmetric representation of the Reynolds stress
auto-covariance tensor (such as that in [7]). This picture of jet noise is, however, oversimplified because it does not take
into account mean flow spreading, which Karabasov et al. [8] showed can be important at O(1) Mach numbers and
can increase the low-frequency radiation by as much as 8 Decibels (dB) for θ = 30o on a subsonic jet compared to the
equivalent parallel flow solution of the GAA (adjoint linearized Euler) equations.
Goldstein, Sescu & Afsar [9] (referred to herein as GSA) constructed an asymptotic solution to the adjoint vector
Green’s function problem starting from the GAA equations. As opposed to low-frequency asymptotics in a parallel flow
discussed above, they considered a slowly diverging jet flow in which the spread rate,  , is an asymptotically small
parameter,   O(1). GSA determined that the only distinguished limit that could produce leading order changes to the
acoustic spectrum is when the Strouhal number is of the same order as the jet spread rate. The resulting adjoint vector
Green’s function (and therefore the dominant ‘1-2’ propagator component mentioned above) was different from the
parallel flow result everywhere in the jet (not just in the critical layer as in [2]). Following on from GSA, Afsar et al.
[10] assessed the predictive capability of the asymptotics by using Reynolds-averaged Navier-Stokes (RANS) mean flow
solutions to calculate the adjoint Green’s function and the low-frequency asymptotically dominant propagator term in
the GAA equations. Their main numerical result (figure 5.3a) confirms that an accurate prediction of the far-field sound
at low Strouhal number can be made using this asymptotic approach. The predictions generally break down (i.e., rapidly
decrease), however, above the peak Strouhal number (at St = 0.3 or so), but that is not altogether unexpected owing to
low-frequency applicability of the theory.
In this paper our aim is to further investigate the applicability of the non-parallel flow asymptotic approach by
considering the effect of heating and supersonic flow using a large-eddy simulations (LES) database of two axi-symmetric
round jets at a fixed jet Mach number of Mj = 1.5. These solutions were reported in [11] (see also [12]) and identified
by the designations B118 and B122 for the unheated and heated configurations, respectively. The operating conditions
are summarized in Table 1. As opposed to our previous studies ([10] & [14]) however, the novel aspect of this paper is
that the parameters of the turbulence model for the ‘1212’ component of the Reynolds stress auto-covariance tensor that
enters the acoustic spectrum formula for the peak sound are optimized using near field turbulence data post-processed
from the LES data of [12]. In this manner the model for jet noise requires only very minimal aposteriori empirical
tuning. The predictions, in general, remain with (1 − 2)dB of the acoustic data up to a Strouhal number of about 0.6 for
both jets. Since the turbulence model that we use (prior to optimization) for the Reynolds stress auto-covariance tensor
is the only unknown here, this approach also highlights what aspects of that model can be improved upon in order to
obtain better agreement with the acoustic data.
II. Summary of asymptotic approach
Suppose that all lengths have been normalized by the nozzle radius, Dj/2, and all velocities by the mean jet exit
velocity, Uj . Let the pressure p, density ρ, enthalpy h, and speed of sound c satisfy the ideal gas law equation of state
p = ρc2/γ and h = c2/(γ − 1), where γ denotes the ratio of specific heats. Afsar et al. [14] applied the GSA asymptotic
theory within Goldstein’s generalized acoustic analogy [1] in a flowwithO(1) temperature fluctuations. They showed that
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the low-frequency acoustic spectrum at the observation point, x = (x1, xT ) = (x1, x2, x3 ), due to momentum and energy
transfer (via temperature fluctuations) symbolized by the generalized stress tensor eλj(y, τ) = [ρv′λv′j − ρv′λv′j](y, τ) in
the acoustic spectrum formula, where turbulence is contained within a volume V(y), is given by
I(x, y;ω) ≈
(

2c2∞ |x |
)2 [
4|G12 |2 + (3 − γ)n2Re
{
Γ41G∗11
}
+ n3 |Γ41 |2
]
Φ∗1212 (1)
that is related to the Fourier transform of the far-field pressure auto-covariance, p′(x, t)p′(x, t + τ) by
I(x;ω) =
∫
V∞(y)
I(x, y;ω) dy, (2)
where |x | → ∞ and p′(y, τ) ≡ p(y, τ) − p¯(y). As usual, over-bars are being used to denote time averages defined by:
•¯(x) ≡ lim
T→∞
1
T
T∫
0
•(x, t) dt, (3)
where • in (3) is a place holder for any fluid mechanical variable.
In the acoustic spectrum integral (2), cylindrical polar coordinates y = (y1, r, ψ), commensurate with an axi-
symmetric round jet, are defined with respect to an origin at the nozzle exit plane. We allow normalized co-variance
components, R4111 = n2R1212 and R4141 = n3R1212 where (n2, n3) are O(1) constants and suffix ‘4′ indicates static
enthalpy fluctuation via v′4 := (γ − 1)(h′ + v′2/2) ≡ (c2)′ + (γ − 1)v′2/2 where h′ is the fluctuating static enthalpy
and (c2)′ is the fluctuations in the sound speed squared such that v′4/(γ − 1) denotes the moving frame stagnation
enthalpy fluctuation [1]. Equation (1) will continue to hold for isothermal jets when mean flow quantities and turbulence
parameters are appropriately defined (i.e. temperature associated correlation functions are zero: n2 = n3 = 0).
A. The propagator solution
The Fourier transformed adjoint Green’s functions (G¯1, G¯4) represent the Green’s function for the streamwise
linearized momentum and energy equations of the generalized acoustic analogy ([1] & [14]); they enter (1) through the
propagator components:
G12 = G˜12(Y,U) = ∂G˜1
∂r
− (γ − 1)G˜4 ∂U
∂r
(4)
and, similarly,
G11 = G¯11(Y,U) = 
(
∂G¯1
∂Y
− (γ − 1)G¯4 ∂U
∂Y
)
& Γ41 = Γ¯41(Y,U) =  ∂G¯1
∂Y
(5)
that are determined for the Favre-averaged mean flow v˜ = ρv/ρ¯ = (U,Vr )(y) that depends on y1 through the slow
streamwise coordinate Y =  y1 = O(1) for a jet of an asymptotically small spread rate,   O(1). The mean flow then
divides into an inner region given by slowly varying mean flow expansion formulae, equations (13) –(17) in [15] (or,
equations 3.1-3.4 in GSA), where r = |yT | =
√
y22 + y
2
3 = O(1), and an outer region at radial distances, R = r = O(1).
The propagator component G˜12(y;Ω) is then defined at the particular scaled temporal frequency, Ω = ω/ = O(1),
shown by GSA to be where mean flow non-parallelism changes the lowest-order structure of the adjoint Green’s function
solution (G¯1, G¯4) everywhere in the flow (and not just in the critical layer at supersonic speeds as in G&L’s solution) and
at O(1)Mach numbers. This distinguished limit follows supposing that the space-time adjoint vector Green’s function,
ga
ν4(y, τ |x, t), depends on time, τ, through the O(1) slowly breathing time T˜ = τ where suffix ν = 1, 2..5 corresponding
to the 5 linearized Euler equations of the generalized acoustic analogy in [1]. In other words, as pointed out in our
earlier paper [9], the Strouhal number, St, is of the order of the jet spread rate,  , in the solution of Fourier transform of
ga
ν4(y, τ |x, t) (Eqs. 7–9 in [10]).
The asymptotic structure of the adjoint Green’s function (G¯1, G¯4) is then identical to the mean flow in that it also
divides into an inner solution in the region where the radial distance r = O(1) and into an outer solution in the region
where R = r = O(1). The richest inner equations are found by the non-trivial dominant balance of ga
ν4(y, τ |x, t) given
by equations 5.5 and 5.6 in GSA. The bar on (G¯1, G¯4) indicates that the Green’s function is a re-scaled Fourier transform
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of ga
ν4(y, τ |x, t) for ν = (1, 4) (see below 6∗) and corresponds to the zeroth order azimuthal mode expansion since
higher-order modes produce an asymptotically small (i.e., O()) correction to the lowest order and therefore can be
neglected at O(Ω0).
[9] showed how tremendous simplification can be achieved by taking (Y,U) rather than (Y, r) as the independent
variables of choice. The implicit function theorem shows that y = (Y, r) can be implicitly related to the field space
y = (Y,U(Y, r)) and that the Green’s function variable G˜i(y |x;Ω) = (G˜1, G˜4)(y |x;Ω) then depends on (y;Ω) through
field space (Y,U(Y, r);Ω) ≡ (Y, r;Ω). The one-to-one transformation of independent variables, (Y, r) → (Y,U), can
be used together with the chain rule to combine the appropriate inner equations (19-21 in [10]) to the second-order
hyperbolic partial differential equation
c˜2
∂
∂U
(
1
c˜2
D¯0 ν¯
)
+ X¯1
∂2 ν¯
∂U2
= 0, (6)
in which Y = const., dU/dY = X˜1/U are characteristic curves ([16], pp. 121-122). This equation requires that
c˜2(Y, r) = f (U) and satisfies Crocco’s relation, and for the scaled composite Green’s function variable ν¯ = c˜2G¯4 + G¯5
(Eq. 18 in [10]) where G¯5 corresponds to the Fourier transform of the scaled Green’s function for the linearized
continuity equation (Eq. 2.22a in [1]). But the Crocco-Busemann relation (see equation 2.4c in [17]), which applies
when the jet flow is heated, shows that the mean speed of sound is still a function of U(Y, r). Therefore, Eq.(6) will
continue to hold in such a case. The advantage of solving this equation to determine the low-frequency structure of the
adjoint linearized Euler equations (equations 4.8 - 4.10 of [2]) is clear. The hyperbolic structure of equation (6) shows
that it is unnecessary to impose a downstream boundary condition. Figure 1 in [9] indicates how information propagates
to both the left and the right from the U = 0 boundary and that no boundary conditions are required on the Y = 0 and
Y →∞ boundaries (i.e., no inflow boundary condition is required here). Hence the solution for the composite variable
ν(Y,U) is now uniquely determined by the outer boundary conditions (i.e., by matching to the inner limit of the outer
solution using Van Dyke’s rule [18])
ν¯(Y, 0) → −iΩc2∞e−iΩY cos θ/c∞ (7)
∂ν¯
∂U
(Y, 0) → −iΩc∞ cos θe−iΩY cos θ/c∞ (8)
on the non-characteristic curve U = 0, with Y ≥ 0 (where, as indicated above, U → 0 corresponds to outer limit,
r →∞ ). The coefficient X¯1 is the streamwise component of the mean flow advection vector (equation 5.15 in [9]) and
D¯0 = iΩ +U∂/∂Y .
The inner solution ν(Y,U) is then induced by incoming waves by the outer wave equation. For the O(Ω0) solution,
any influence of the nozzle (i.e., via the scattered wave contribution to the outer solution) can be neglected because the
inner solution, which generates the scattered waves, will not behave logarithmically as r → ∞ when matched to the
outer solution. The logarithmic behavior of the axi-symmetric mode of the scattered solution (5.2 in [9]) follows from
the small argument expansion for the solution to the two-dimensional Helmholtz equation ([19], p. 891) in the outer
region. Using Van Dyke’s rule, this expansion shows that ν(0,Y ) will not match onto the transcendental ln R behavior
which the solution to the Helmholtz equation induces when the inner limit is taken; i.e. as R→ 0 in the outer region at
O(Ω0) frequencies.
B. Turbulence modeling
The turbulence enters the acoustic spectrum formula (1) through the spectral tensor component Φ1212(y;ω) defined
by the space-time Fourier transform
Φ1212(y;ω) = 12pi
∫
V (η)
∫ ∞
−∞
R1212(y, η; τ)ei(k .η−ωτ) dη dτ, (9)
where the R1212(y, η; τ) component of the Reynolds stress auto-covariance tensor is given by the time-average
R1212(y, η; τ) = lim
T→∞
1
2T
∫ T
−T
[
ρv′1v
′
2 − ρv′1v′2
]
(y, τ)
[
ρv′1v
′
2 − ρv′1v′2
]
(y + η, τ + τ0) dτ0. (10)
∗The re-scaling of Fourier transform of ga
ν4(y, τ |x, t) via Eq. 18 in [10] for (G¯1, G¯4), G¯5), which enter either the composite solution
ν¯ = c˜2G¯4 + G¯5 determined by 6 or propagators 4 & 5, is only necessary inasmuch as it simplifies matching conditions 7 & 8.
4
Construction of R1212(y, η; τ) using an exponential model with algebraic tails and the subsequent calculation of
Φ1212(y;ω) is worked out in [10], and we use their final result
Φ1212(y;ω) = 2piA1212(y)
(
l0l1l2⊥
χ2Uc
)
× (11)[(1 − a1 − a2) + (a1ω˜2 − k¯1(ω˜(a1 − a2)(l1/l0) − a1 k¯1))(4/χ)]
where χ(ω˜, k¯1) = k¯21 + ω˜2 + 1 = (k1 − ω˜(l1/l0))2 + ω˜2 + 1 and ω˜ = (ωl0/Uc) is the normalized temporal frequency
where Uc is the convection velocity of the turbulence (fixed at UC = 0.68 following experiments by Harper-Bourne).
The length scales in Eq. (11) are taken to be proportional to the local turbulent kinetic energy k(y) and the rate of
energy dissipation ˜(y) as li(y) = ci(k3/2/˜)(y) for i = 0, 1, 2, 3. We scale the amplitude of R1212(y, η; τ) as follows:
R1212(y, 0; 0) = a1212 ρ¯2(y)k2(y) where ρ¯(y)k(y) is the density-weighted RANS turbulent kinetic energy (TKE). a1212
is usually approximated by its (maximum) value on the shear layer location r = 0.5 at the end of the potential core of
the jet ([5]). Since [14] show that R1212(y, η; τ) depends on the 5 parameters l1/l0 = c1/c0, c⊥, a1, a2 and a1212 that we
obtain (together with mean flow) from the LES data rather than scaling a RANS mean flow as done by [5]. For example,
we show in section §.(III) that a1212 remains largely constant in the jet. The parameters in Eq. 11: namely, length scale
ratio (c1/c0) and anti-correlation parameters (a1, a2) are determined by using an adaptive algorithm (MP-AIDEA) to
determine their optimum values against post-processed data from the LES calculations reported in [12].
Multi Population Adaptive Inflationary Differential Evolution Algorithm (MP-AIDEA, [20] & [21]) is a population-
based evolutionary algorithm for solving single-objective global optimisation problems over continuous spaces. It
combines adaptive Differential Evolution (DE) with the restarting procedure of Monotonic Basin Hopping (MBH)
([22] &[23]). Multiple populations are initialised in the search space and exchange information during the optimisation
process. Each population starts the search for the global minimum by running a DE algorithm. The user is not required to
set the parameters of the DE, a process that could be extremely time consuming, since the best settings of the parameters
are problem-dependent ([24] & [25]). Instead, MP-AIDEA is able to automatically adapt these parameters during the
optimisation process. At the end of the DE a local search is run from the best individual of each population. Using the
restarting mechanism of MBH in combination with the DE, the populations are able move, in a funnel structure, from
one local minima to another, until the global minimum of the problem is located. MP-AIDEA implements a novel
approach to avoid multiple detection of the same local minima, by restarting the population in the entire work space
when it falls within the basin of attraction of an already detected minimum. The only element of empiricism in the noise
predictions, however, is in the estimation of c⊥ that we did not analyze using the optimization algorithm. Its value,
although varied by hand, turned out to be an order of magnitude smaller than c1 (the streamwise length scale parameter),
which is consistent with an axi-symmetric turbulence approximation used in this paper and analyzed more fully in [14].
III. Optimized turbulence correlations and SPL predictions
A. Mean flow development
The development of the mean flow components (U,Vr ) in Fig. (1) shows how heating at fixed Mj reduces the
potential core length (Figs. 11(a) & 1(d)) which is indicative of faster jet spreading. But we also see an increase in the
magnitude of X1(y1, r) = X¯1(Y,U) = Vr∂U/∂r along the shear layer of the jet. By measuring the slope of the upper
most level curve of the streamwise mean flow in Fig. (11(a)) we estimate the jet spread rates to be B118 = 0.12 and
B122 = 0.15.
Figure 2 shows the contours of |G12 | at the peak Strouhal number of St = 0.2 and downstream observation angle
of θ = 300 for the B118 (Figs.2(a) & 2(b)) and B122 (2(c) & 2(d)) jets. The convergence of the numerical algorithm
applied to inner equation (6) has been analyzed in several of our previous papers (see [10] & [14]), and it was found to
be within 5% at almost all regions of the jet, with only slight differences in ∂ν¯/∂U coming near the inner boundary
as U ' 0.7. The verification of the Crocco and Crocco-Busemann relations for B118 and B122 jets has also been
performed in our paper [14] and found to be within 5% at worst.
The peak in the momentum flux propagator, |G12 |, extends near the nozzle lip line peaking downstream at y1 ∼ 5− 6
compared to the subsonic jet mean flow in [10]. The reason for this is that at supersonic speeds, non-parallelism at
suppresses |G12 | from becoming singular in the critical layer atΩ = O(1) frequencies. Note that extracting the centerline
streamwise velocity contour U(y1, 0) in Fig.1(a) shows that the potential core lengths correspond to a streamwise length
scale y1 of approximately LB118 ∼ 4 and LB118 ∼ 2.5 Heating at fixed Mj therefore concentrates the peak propagator
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(a) Streamwise mean flow,U(y1, r) (b) Radial mean flow,Vr (y1, r)
(c) Stremwise mean flow advection, X¯1(y1, r) (d) Turbulent kinetic energy, ρ¯k(y1, r)
Fig. 1 Mean flow development for B118 and B122 jets.
|G12 | to lie within one potential core length of the jet (cf. Figs.2(a) & 2(c)). In Figs. 2(b) & 2(d) shows contour plots of
the radius-weighted acoustic spectrum r ILOW using one set of optimized scales for (lr, a1, a2) that shall be discussed
soon. The indication here is that the peak noise source lies just beyond the end of the potential cores of both jets (cf.
streamwise potential core lengths above) such that the maximum contour level of r I(x, y;ω) is greater with heating at
fixed Mj . While, at its greatest, this stands at an almost 2 order of magnitude increase in r I(x, y;ω) of 10−8 (Fig.2(b))
compared to 10−10 for B118 (Fig.2(d)), this intense region in B122 is much thinner in r and more localized within
the potential core in y1 in Fig. (2(d)), hence it is likely that the surrounding (more blue) contours where r I(x, y;ω)
∼(0.2-0.3) ×10−8 contribute more significantly to (2). This is then consistent with the almost 5 − 6dB increase in sound
for these jets that the noise measurements of [26] indicate.
Figure 3 shows that LES extracted ratio R1212(y, 0; 0)/ρ¯2(y)k2(y) = a1212 determined at the shear layer r = 0.5
remains more-or-less constant in the jet. Hence we fix a1212 = 0.45 for B118 and a1212 = 0.5 for B122. Figure 4 shows
the outcome of optimizing (lr, a1, a2) in:
R1212(y, η1, 0, τ)
R1212(y, 0, 0) =[
1 + a1
τ˜
X
l2r (η˜1 − τ˜) − a2
η˜1
X
[η˜1 + l2r (η˜1 − τ˜)] + ...
]
e−X
(12)
where X = X(η˜1, η˜T , τ¯) =
√
η˜21 + |ξ˜ |2, η˜1 = η1/l1 and τ¯ = Ucτ/l1 allows the space-time dependence of (12) to enter
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(a) B118: G12(y1, r) (b) B118: r I (x, y;ω)
(c) B122: G12(y1, r) (d) B122: r I (x, y;ω)
Fig. 2 Spatial structure of momentum flux propagator G12(y1, r), (4), and radius-weighted acoustic spectrum
r I(x, y;ω), (1), for B118 and B122 jets.
only through the scaled non-dimensional convected variable, ξ˜ = lr (η˜1 − τ¯) where lr = l1/l0 = c1/c0.
We applied the MP-AIDEA algorithm in two ways. First by optimizing the R1212(y, η1, 0, τ) model, (12), at all
η˜1 = (0.0, 0.3, 0.6) (case a) and then at η˜1 = 0.0 only (case b). The results in Figure 4 indicate that whilst case b
guarantees perfect agreement at η˜1 = 0.0 (Figs. 4(b) & 4(d)) it introduces a departure at η˜1 = (0.3, 0.6). On the other
hand, for case a, (12) gets the right maximum height from τ = 0 axis, but the location of the peaks are shifted. But the
acoustic predictions using these set of parameters for cases a & b do not result in significant change for B118 (Fig.5(a))
and a difference of (1 − 3)dB for B122 (Fig.5(b)). Note that just as in the jet noise calculations in Afsar et al. (2019),
we show in the appendix that a heated jet at fixed Mj displays predictions for the peak sound that are more-or-less
independent of (n2, n3) in (1). The B122 predictions in Figs. 5 & 6 are therefore taken at (n2, n3) = 0. Given the fact
the case b optimized parameters for R1212(y, η1, 0, τ) where in agreement with case a for the 300 prediction in Fig.5,
we concentrate on this choice of parameters in Fig. 6. Here we show the predictions at various downstream angles
θ = (30◦, 35◦, 40◦) to assess the limit of applicability of the asymptotic approach. It is evident that the predictions show
greater departure to the acoustic data as θ increases away from the peak noise location, which is consistent with the
distinguished asymptotic scaling derived in [9] & [14] having less validity at larger angles (i.e. that non-parallel flow
effects are no longer affect the lowest order Green’s function solution at these angles).
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(a) B118 (b) B122
Fig. 3 Streamwise development of R1212(y, 0; 0)/ρ¯2(y)k2(y) at r = 0.5 for B118 and B122 jets.
Jet Optimization case lr a1 a2 c0 c1 c⊥
B118 a 0.56 0.37 1.0 0.3 0.176 0.075
B118 b 0.53 0.36 1.29 0.35 0.184 0.1
B122 a 0.432 0.277 1.0 0.3 0.130 0.034
B122 b 0.965 0.0 0.688 0.3 0.289 0.017
Table 2 Optimized turbulence scales used in prediction via (12), (11), (1) & (2)
IV. Conclusion
The use of a nearly optimized turbulence model for the appropriate Reynolds stress auto-covariance tensor component
R1212(y, η; τ) that enters the peak noise formula (1) results in acoustic predictions that are very accurate beyond what
would normally constitute the low frequency regime. Our results show the robustness of the asymptotic approximation
for the adjoint vector Green’s function of the linearized Euler equations in the presence of slowly diverging mean flow
worked out by Goldstein-Sescu-Afsar [9] and re-formulated in [14]. In this paper we have extended the work of [10] and
[14] to assess the validity of this approach for axi-symmetric flows of fixed jet Mach number. Our results have shown
that the theory not only provides a means to understand, qualitatively, the effects of non-parallelism within the acoustic
analogy but also provides excellent predictive capability of the jet noise. The reduced form of the acoustic spectrum
formula (equation 19 in [4]) used here is limited to low frequencies and shallow downstream observation angles from
the jet axis. The results in this paper indicate that the 30◦ spectrum can be accurately predicted in both the unheated
(B118) and heated (B122) cases up to a Strouhal number of almost 0.5. Future work will involve investigating different
optimization techniques to better model R1212 auto-covariance.
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(a) B118: case a (optimizing at all η1) (b) B118: case b ((optimizing at η1 = 0))
(c) B122: case a (d) B122: case b
Fig. 4 Application of MP-AIDEA algorithm to optimization of R1212(y, η1, 0, τ) using (12) against LES data
[12].
Appendix A: Effect of n2 = n3 , 0 in (1)
In Fig.(7) we show the effect on the peak acoustic spectrum of taking n2 = n3 , 0 in (1). As in the fixed acoustic
Mach number heated jet predictions in [14], our results show little (if any) sensitivity to (n2, n3) parameters in the
acoustic spectrum formula (1).
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(a) B118: θ = 300 (b) B118:θ = 350
(c) B118:θ = 400 (d) B122: θ = 300
(e) B122:θ = 350 (f) B122:θ = 400
Fig. 6 SPL prediction against acoustic data in [26]. SPL computed as caption as Fig. (5). Turbulence scales
in Φ∗1212(y, k1, k2T ;ω), (11) summarized in table 2
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(a) Case a optimized parameters in (12) (b) Case b
Fig. 7 30 degree prediction for B122 jet against acoustic data in [26]. SPL computed as in Fig. (5). Turbulence
scales in Φ∗1212(y, k1, k2T ;ω), (11) summarized in table 2
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